ABSTRACT. We give upper bounds for zeros of quadratic forms. For example we prove that for any nondegenerate quadratic form ~(Xl, ... , xn) with rational integer coefficients which vanishes on a d-dimensional rational subspace (d> 0) there exist sublattices fo, fl. ... , f n-d of zn of rank d, on which ~ vanishes, with the following properties:
1.
Introduction. Let A be a lattice of determinant A in n-dimensional Euclidean space En. Let n n
(1)
be a quadratic form with lij = Iji which assumes only integral values at the points (X1, ... ,Xn ) of A. Put (2) Suppose there is some point of A, other than the origin, at which ~(Xl' ... ' xn) = O.
It was proved by Cassels [2] in the case A = zn and by Birch and Davenport [1] in the general case that then there is such a point which satisfies the estimate Here and in the sequel, the constant implied by « depends only upon n. Recently
Schlickewei [5] generalized (3) in the following way. Suppose that (4) O<d<n and that ~ vanishes on ad-dimensional sublattice r of A. Then there is such a sublattice satisfying (5) det r « F(n-d l/2 A.
In his paper [4] Davenport asked for an inequality involving n linearly independent lattice points at which ~ vanishes. He says that he is able to prove such an inequality only for two independent lattice points.
More precisely he shows that for d = 1 in (4) there exist two linearly independent points x and y of A such that (6) ~(X) = ~(y) = 0 and
Schulze-Pillot [6] established inequalities involving n linearly independent zeros.
One of his results is as follows. Suppose ~ is nondegenerate and has a nontrivial zero in A. Then there exist n linearly independent lattice points XO, ... ,Xn-l with ~(Xi) = 0 (i = 0, ... , n -1) and with
llxn-lll «F(n-l)2 ~2(n-l).
It is the purpose of this paper to prove a theorem which contains all the results quoted above as particular cases. 
(iii) The union of r o, r 1, ... , r n-d spans En.
It is clear that (9) immediately implies that there is ad-dimensional sublattice r of A on which ~ vanishes with det r « F(n-d)/2 ~ which is the main result of [5] .
Moreover for d = 1 we have an extension of Davenport's Theorem [4] . 
If d = 1, this is Schulze-Pillot's Theorem 2 [6] , as quoted in (8). The following example shows that Theorem 1 is best possible. Consider the form
where l is a large integer. Take A = zn. Here ~ has rank n -d + 1 and it vanishes on the d-dimensional sublattice generated by el, ... , ed-1, ed Lo(x) = 0 where La has rational coefficients.
If (i) holds, then Ll has rational coefficients as well. The equations Lo(x) = 0 resp. Ll(X) = 0 define two different rational hyperplanes 50,51, It is clear that fa = zn n So and f1 = zn n S1 have the desired properties.
If (ii) holds, then fa = zn n So where again So is the subspace defined by Lo(x) = O.
The case d = n -1 of Theorem 1 is a consequence of the following proposition.
PROPOSITION. If'J is of type
To deduce Theorem 1 in the case d = n -1, we remark that if'J is of type (i) it has rank 2, whereas a form 'J of type (ii) has rank 1. Since we assume in Theorem If 'J is of type (ii), let aI, ... ,an -1 be a basis of fo and put
As in case (i) we see that M is proportional to Lo. We need the following
where Mi is defined in (14) .
where M is as in (15).
PROOF. We shall treat only case (i), since case (ii) may be done in a completely analogous way.
Let A' be the sublattice of A with basis a1,'" ,an -2, ho, hI. Let I be the index of A' in A. (14) implies that any y E A' satisfies
Hence ~-2Mo(y)M1(Y) is an integral multiple of 12. Since any x E A is of the shape x = I-1 y where y E A', we may infer that
Therefore the right-hand side in (16) is a quadratic form which assumes integral values on A. Since it is proportional to 'J, it suffices to show that it is primitive.
Notice that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use which is the assertion of the Proposition in case (i).
The proof in case (ii) goes along completely analogous lines, using (17) in Lemma 2 instead of (16).
Proof of Theorem 1.
Let robe ad-dimensional sublattice of A on which J vanishes and such that det ro is minimal. Then ro is a primitive sublattice of A.
Let 8(ro) be the subspace generated by roo Let 81. be the subspace of dimension n -d which is perpendicular to 8(ro) with respect to the Euclidean inner product.
The projection of A on 81. is a lattice rcl-. Since ro is primitive we have detrodetrc} = detA =~.
A well-known result in reduction theory says that rcl-has a basis Pl,···, Pn-d satisfying (23)
Here we may assume moreover that (24)
PROOF. We shall prove that there exists an integer l with 0 ::; l ::; (n -d -1)/2 having the following properties:
There are pairs (1, it), (2, i 2), ... ,(l, id of 2l distinct numbers among {1, 2, ... , (25) and (26) It is clear that the assertion of Lemma 3 follows at once from (24), (25) and (26).
We proceed to deduce the existence of l. Let Xl, ... ,Xd be a basis of r 0 satisfying (27) and ( 
28)
In general, the points Pl, ... , Pn-d will not lie in A. However there exist points Here we may suppose that
Let ~(X, Y) be the symmetric bilinear form associated with ~ which has ~(X, X) = ~(X). 
where F' is defined with respect to ~' in the same way as F with respect to ~. Using (32) and the fact that det f 0 is minimal we get In view of (24) and (27) 
J(x, Zi2) =I 0 for some X E 8d+2.
Notice that (42) is completely analogous to (36). In conjunction with (29) and (35) it yields (43)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use which is of the same type as the inequality (37). It is clear that by repeating our procedure in the same way as after (37) and collecting all inequalities of the type (37) and (43) we finally obtain th eassertion of Lemma 3.
The proof of Theorem 1 is now finished easily. By (23) and Lemma 3 we have
Define vectors pi, ... (45) generate En. There exist points
with suitable real coefficients ).~j' just as in (30).
For j = 1, ... , n -d consider the lattice A~ generated by fo and zj. We may apply the Proposition. 
Therefore we may assume in the remainder of the paper that ~ has diagonal matrix with entries ±1. In particular this implies (48)
As in §3 let f ° be ad-dimensional sublattice of A on which ~ vanishes and whose determinant is minimal. Let X!, ... ,Xd be a basis of f ° as in (27 The assertion now follows from (48).
Since rank ~ = n, there exists for any j (1 ::; j ::; d) an ij (i ::; ij ::; n -d) with (49) and such that moreover ij -=J. ik for j -=J. k. Using (23), (24) and (28) We now define vectors p~, ... ,P~-d as follows.
For j = 1, ... , n -2d we put (55)
Notice that (54) and (55) imply
Similarly we obtain from (56)
The definition (55), (56) shows moreover that X!, ... ,Xd, p~, ... , P~-d are linearly independent. As in §3 we can find vectors z~, ... , z~_d E A of the shape 
